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In this work some issues in the context of Noncommutative Quantum Mechanics (NCQM) are addressed. 
The main focus is on ﬁnding whether symmetries present in Quantum Mechanics still hold in the 
phase-space noncommutative version. In particular, the issues related with gauge invariance of the 
electromagnetic ﬁeld and the weak equivalence principle (WEP) in the context of the gravitational 
quantum well (GQW) are considered. The question of the Lorentz symmetry and the associated dispersion 
relation is also examined. Constraints are set on the relevant noncommutative parameters so that gauge 
invariance and Lorentz invariance holds. In opposition, the WEP is veriﬁed to hold in the noncommutative 
setup, and it is only possible to observe a violation through an anisotropy of the noncommutative 
parameters.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Noncommutative Quantum Mechanics is an extensively studied 
subject [1–13] and its interest arises for many reasons, more par-
ticularly from the fact that noncommutativity is present string the-
ory and quantum gravity and black hole models (see e.g. [14–16]). 
NCQM can be viewed as the low-energy and the ﬁnite number of 
particles limit of noncommutative ﬁeld theories and its main dif-
ference from standard quantum mechanics is the inclusion of an 
additional set of commutation relations for position and momen-
tum operators. The Heisenberg–Weyl algebra for these operators,[
xˆi, xˆ j
]= 0, [pˆi, pˆ j]= 0, [xˆi, pˆ j]= ih¯δi j (1)
is deformed to the NC algebra:[
qˆi, qˆ j
]= iθi j, [πˆi, πˆ j]= iηi j, [qˆi, πˆ j]= ih¯δi j, (2)
where θi j and ηi j are anti-symmetric real matrices. The two sets of 
variables, {xˆi, pˆi} and {qˆi, πˆi} are related by a non-canonical linear 
transformation usually referred to as Darboux transformation, also 
known as Seiberg–Witten (SW) map. It is known that, although 
this map is not unique, all physical observables are independent 
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SCOAP3.of the chosen map [11,12]. Moreover, since the NC operators are 
deﬁned in the same Hilbert space as the commutative ones, one 
can obtain a representation of them, up to some order of the 
noncommutative parameters, without the need for the Darboux 
transformation. However, in most cases, it is simpler to use this 
transformation in order to recover some known aspects of quan-
tum mechanics.
Besides the well-known operator formulation of quantum me-
chanics, a phase-space formulation of NCQM has been constructed 
[11,12] which allows for a straightforward implementation of non-
commutativity. This formulation is useful for treating general prob-
lems such as, for instance, in cases where the potential is not spec-
iﬁed. In this case, the position noncommutativity may be treated 
by a change in the product of functions to the Moyal -product, 
deﬁned as:
A(x) θ B(x) := A(x)e(i/2)(
←−
∂xi )θi j(
−→
∂x j )B(x), (3)
and the momentum noncommutativity is introduced via a Darboux 
transformation. In the case of simple potentials, the use of the Dar-
boux transformation ensures on its own, up to some order of the 
noncommutative parameter, a suitable noncommutative formula-
tion.
Throughout the following sections, whenever need, the Darboux 
transformation to be used is as follows [11]:
qˆi = xˆi − θi j2h¯ pˆ j, πˆi = pˆi +
ηi j
2h¯
xˆ j . (4) under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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In order to study the effects of NCQM we shall consider some 
physical systems of interest and investigate the implications of the 
NC deformation. The ﬁrst example to consider is that of a particle 
with mass m and charge q in a magnetic ﬁeld, with the Hamilto-
nian given by
Hˆ = 1
2m
[
πˆ − qA(q)]2 . (5)
In order to study this system we use the Moyal -product for 
the product of terms and then use the Darboux transformation, 
Eq. (4), to write the noncommuting Hamiltonian in terms of the 
commuting variables, xˆ and pˆ. Thus, considering,
Hˆ(qˆ, πˆ )(q) = Hˆ(xˆ, πˆ ) θ (x) = Hˆ(xˆ, πˆ )e(i/2)(
←−
∂xi )θi j(
−→
∂x j )(x),
(6)
at ﬁrst order in the parameter θ ,[
Hˆ(xˆ, πˆ ) + iθab
2
∂a Hˆ(xˆ, πˆ )∂b
]
(x) =
=
[
1
2m
(
πˆ
2 − 2qπˆ · A(q) + q2A2(q)
)
+ iθab
2
∂a
(
q2A2(x) − 2qA(x) · πˆ
)
∂b
]
(x) (7)
If we now consider that θab = θ	ab , where 	ab is the 2-dimens-
ional antisymmetric symbol, the effective noncommutative Hamil-
tonian, at ﬁrst order in θ , becomes:
Hˆ = 1
2m
(
πˆ
2 − 2qπˆ · A(q) + q2A2(q)
)
+ i
4m
[
∇
(
q2A2(x) − 2qA(x) · πˆ
)
× ∇
]
· θ (8)
where θ = θ(1, −1, 1). We now make use of the Darboux transfor-
mation, Eq. (4), in the momentum operator (which is now the only 
noncommutative operator in the Hamiltonian) to obtain:
Hˆ = 1
2m
[(
pˆ − qA(x))2 − 1
h¯
(xˆ× pˆ) · η
− q
h¯
(xˆ× A(x)) · η+ 1
4h¯2
η2	i j	ik xˆ j xˆk
]
− 1
4mh¯
[
∇
(
q2A2(x) − 2qA(x) · pˆ
− q
h¯
(xˆ× A(x)) · η
)
× pˆ
]
· θ , (9)
where, as in the case of θ , η = η(1, −1, 1). We aim now to see how 
a gauge transformation modiﬁes the Hamiltonian and study the 
condition under which the Hamiltonian is gauge invariant. Gauge 
invariance must be imposed, otherwise a gauge change would lead 
to a modiﬁcation of the system energy for the same physical con-
ﬁguration. For this purpose, we consider a gauge transformation 
to the vector potential A → A′ = A + ∇α, where α is a scalar 
function of position. Consider now the ﬁrst set of terms in the 
Hamiltonian, Eq. (9). Under the stated transformation, we get:
1
2m
[(
pˆ − qA(x) − q∇α)2 − 1
h¯
(xˆ× pˆ) · η−
− q (xˆ× A(x)) · η− q (xˆ× ∇α) · η+ 1
2
η2	i j	ik xˆ j xˆk
]
. (10)h¯ h¯ 4h¯If we now change the wave function on which the Hamiltonian 
acts, to  = eiqα/h¯ ′ , the ﬁrst set of extra terms in Eq. (9) coming 
from the gauge transformation will be canceled and so we may 
conclude that this set of therms is not problematic. However, this 
is not true for the second set of terms which is transformed to[
∇
(
q2(A(x) + ∇α)2 − 2qA(x) · pˆ − 2q∇α · pˆ
− q
h¯
(xˆ× A(x)) · η− q
h¯
(xˆ× ∇α) · η
)
× pˆ
]
· θ . (11)
If we now consider the wave function transformation,  =
eiqα/h¯ ′ , we verify that the gauge transformation is not canceled
due to the momentum operator outside the divergence acting on 
the exponential. Thus, the phase transformation that absorbs the 
gauge transformation terms in the ﬁrst part of the Hamiltonian, 
Eq. (9), does not do so for the second set of terms. This comes 
from the fact that, in the ﬁrst term, the change in A can be seen 
as a change in pˆ, and a constant change in momenta can always 
be absorbed by a phase change. The same does not occur for the 
change in the second term, making it impossible to accommodate 
it into a change in phase. Therefore, in order to make the Hamil-
tonian gauge invariant, this term must vanish. To accomplish this 
for any A, θ must vanish. This result is consistent to an explicit 
computation in the context of the Hamiltonian of fermionic ﬁelds 
[17].
3. Gravitational quantum well and the equivalence principle 
in NCQM
A very interesting system to directly connect gravity to quan-
tum mechanics is the gravitational quantum well [18–20]. As we 
shall see, this connection can be used to constrain quantum mea-
surements of gravity phenomena and to test the equivalence prin-
ciple (see also Refs. [21,22]). It is easy to show that this principle 
holds for usual quantum mechanics, in the sense that a gravita-
tional ﬁeld is equivalent to an accelerated reference frame. We 
shall see that this also holds in the context of NCQM for isotropic 
noncommutativity parameters. In the following we shall study 
the noncommutative GQW [10] and its connection to accelerated 
frames of reference.
3.1. Fock space formulation of NC gravitational quantum well
Let us consider the GQW in the context of NCQM. To start with 
we review some aspects of the usual GQW in standard quantum 
mechanics. The Hamiltonian is given by:
Hˆ = 1
2m
pˆ2 +mgxˆi (12)
for a particle with mass, m, in a gravitational ﬁeld with accelera-
tion, g , in the xi direction.
With the Fock space treatment in mind we deﬁne creation and 
annihilation operators for this Hamiltonian:
bˆ =
(
m2
h¯2g
) 1
3
⎡
⎣xˆ+ i
2
(
g2h¯
m4
) 1
3
pˆx
⎤
⎦ , (13)
bˆ† =
(
m2
h¯2g
) 1
3
⎡
⎣xˆ− i
2
(
g2h¯
m4
) 1
3
pˆx
⎤
⎦ , (14)
where the deﬁnition concerns only for the x direction, as the 
y component of the Hamiltonian is just that of a free particle. 
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bˆ† are dimensionless. The Hamiltonian can then be rewritten as
Hˆ = K1
(
ˆx + ˆy
)
+ K2
(
bˆ†x + bˆx
)
, (15)
where
ˆi = bˆ†i bˆi + bˆi bˆ†i − bˆ†i bˆ†i − bˆi bˆi, (16)
K1 = 1
16
(
h¯3m2
g
)2/3
, (17)
K2 = mg
2
(
h¯2g
m2
)1/3
. (18)
Given the form of the Hamiltonian, it is evident that it is not 
diagonal in this representation, so it is not particularly useful for 
calculations of eigenstates and eigenvalues. This is expected from 
the usual solution to this problem, in which the energies involve 
the zeros of the Airy function, Ai(x). We now examine the non-
commutative Hamiltonian [10],
HˆNC = 1
2m
[
pˆ2x + pˆ2y
]
+mgxˆ+ η
2mh¯
(xˆpˆ y − yˆ pˆx)
+ η
2
8mh¯2
(
xˆ2 + yˆ2
)
; (19)
which is the equation of a particle under the inﬂuence of a grav-
itational ﬁeld plus a ﬁctitious “magnetic ﬁeld”, 
−→
BNC = −(η/qh¯)−→ez , 
plus an harmonic restoring force. Through the deﬁnitions, Eqs. (13)
and (14), it can be rewritten it, up to ﬁrst order in θ and η, as:
HˆNC = K1
(
ˆx + ˆy
)
+ K2
(
bˆ†x + bˆx
)
+ iη
4mh¯
2
3
(
bˆ†ybˆx − bˆ†xbˆy
)
.
(20)
It should be pointed out that this treatment considers only ﬁrst or-
der terms in either η or θ , although the latter does not show up in 
the Hamiltonian as its effect can be absorbed by a phase factor of 
the wave function. Noting the similarities between both commu-
tative and noncommutative Hamiltonians, we might ask whether
there is a transformation that can turn one into the other. That 
might be an interesting ﬁnding as, then, noncommutativity, at least 
for this system, could be regarded as a modiﬁcation to the com-
mutative case, and noncommutative eigenfunctions could be con-
structed using commutative ones, which are well known. Further-
more, it would make noncommutativity the result of a transforma-
tion of variables, and not a fundamental property of the system 
under study. In order to pursue this analysis, we must introduce 
an operator transformation in which the new operators, aˆi and aˆ
†
i
for i = x, y, obey the same commutation relations as the original 
operators. Thus we deﬁne,
bˆi :=
2∑
j=1
uijaˆ j + si jaˆ†j, (21)
bˆ†i :=
2∑
j=1
u∗i jaˆ
†
j + s∗i jaˆ j, (22)
where we impose the commutation relations[
aˆi, aˆ
†
j
]
= δi j, (23)and all the other commutation relations vanish. These condi-
tions introduce a set of constraints on the parameters uij and si j , 
namely:
|u11|2−|s11|2+|u12|2−|s12|2= 1,
|u21|2−|s21|2+|u22|2−|s22|2= 1. (24)
Considering Eq. (15) in terms of operators bˆi and bˆ
†
i and using 
the deﬁnitions, Eq. (21), we get the Hamiltonian in terms of the 
operators aˆi and aˆ
†
i as
Hˆ = K1
[
γ1aˆ
†
xaˆx + γ1aˆxaˆ†x + γ2aˆ†xaˆ†x + γ ∗2 aˆxaˆx
+ γ3aˆ†yaˆy + γ3aˆyaˆ†y + γ4aˆ†yaˆ†y +
+ γ ∗4 aˆyaˆy + 2γ5aˆ†xaˆ†y + 2γ ∗5 aˆxaˆy + 2γ6aˆ†xaˆy + 2γ ∗6 aˆ†yaˆx
]
+
+ K2
[
aˆ†x
(
u∗11 + s11
)+ aˆx (s∗11 + u11)
+ aˆ†y
(
u∗12 + s12
)+ aˆy (s∗12 + u12)] , (25)
where, for simplicity, we have deﬁned,
γ1 := |u11|2+|s11|2−u∗11s∗11 − u11s11 + |u21|2+|s21|2
− u∗21s∗21 − u21s21, (26a)
γ2 := 2u∗11s11 −
(
u∗11
)2 − s211 + 2u∗21s21 − (u∗21)2 − s221, (26b)
γ3 := |u12|2+|s12|2−u∗12s∗12 − u12s12 + |u22|2+|s22|2
− u∗22s∗22 − u22s22, (26c)
γ4 := 2u∗12s12 −
(
u∗12
)2 − s212 + 2u∗22s22 − (u∗22)2 − s222, (26d)
γ5 := u∗11s12 + s11u∗12 − u∗11u∗12 − s∗11s∗12 + u∗21s22 + s21u∗22
− u∗21u∗22 − s∗21s∗22, (26e)
γ6 := u∗11u12 + s11s∗12 − u∗11s∗12 − s∗11u∗12 + u∗21u22 + s21s∗22
− u∗21s∗22 − s∗21u∗22. (26f)
Comparing the Hamiltonian in Eq. (25) to the one in Eq. (20), 
we can immediately set the conditions for the γi ’s
γ1 = 1, (27a)
γ2 = −1, (27b)
γ3 = 1, (27c)
γ4 = −1, (27d)
γ5 = 0, (27e)
γ6 = i η
4mh¯
2
3 K1
:= iηc, c ∈R. (27f)
Furthermore, comparing the terms that are linear in the aˆ oper-
ators, we get two additional equations for the u and s parameters,
u∗11 + s11 = 1, (28a)
u∗12 + s12 = 0. (28b)
In total we now have 16 variables and a total of 16 distinct 
equations constraining the values of this variables. Hence, this sys-
tem of equations has either a single solution or none. It is found 
that this system has no solution for η = 0, which can be veriﬁed 
using well known Mathematica or MatLab procedures. Therefore, 
it is not possible to describe, as expected, the noncommutative 
Hamiltonian as a mixture of eigenstates of the commutative Hamil-
tonian, and so it is a completely different problem. Once again we 
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mutative parameters. However, it is reassuring to conﬁrm that, at 
least at this level, noncommutativity is indeed a completely differ-
ent problem than the commutative one.
3.2. Equivalence principle
Having veriﬁed that the noncommutative Hamiltonian of the 
GQW is in fact a different problem than the commutative one, we 
can try to examine the issue of the noncommutative Equivalence 
Principle. We have seen that the only parameter having an effect 
on the eigenstates and eigenvalues is η, as the θ factor can be 
absorbed into a phase factor in the wave function of the system. 
The WEP states that, locally, any gravitational ﬁeld is equivalent to 
an accelerated reference frame. This is one of the basic tenets of 
General Relativity and holds with great accuracy (see e.g. Ref. [23], 
Chapter 22, for a review of the experimental status of relativity). 
In standard QM, for the GQW, this can be veriﬁed to hold in a 
quite simple way. In the context of NCQM we will show how it 
can be veriﬁed in what follows next. For this purpose we consider 
the noncommutative GQW Schrödinger equation,
HˆNCg  =
[
1
2m
(
πˆ2x + πˆ2y
)
+mgQˆ x
]
 = E (29)
and applying the Darboux transformation to write it in terms of 
the commutative variables, that is, Eq. (19):[
1
2m
(
pˆ2x + pˆ2y
)
+mgxˆ+ η
2mh¯
(xˆpˆ y − yˆ pˆx)
+ η
2
8mh¯2
(
xˆ2 + yˆ2
)]
 = ih¯ ∂
∂t
, (30)
where we have considered the time dependent problem as we 
have to use a change of coordinates evolving in time. We now con-
sider the noncommutative free particle equation:[
− h¯
2
2m
(
∂2
∂x2
+ ∂
2
∂ y2
)
− iη
2m
(
x
∂
∂ y
− y ∂
∂x
)
+ η
2
8mh¯2
(
x2 + y2
)]
 = ih¯ ∂
∂t
, (31)
and introduce a change of coordinates deﬁned as
x′ = x+ σ(t) (32a)
y′ = y (32b)
In order for the WEP to be preserved we require that
HˆNCg (xˆ, pˆ)(x, y) = HˆNCfree(xˆ′, pˆ′) ′(x′, y′), (33)
where HˆNCg is the noncommutative GQW Hamiltonian and Hˆ
NC
free is 
the noncommutative Hamiltonian of a free particle and  ′(x′, y′) =
eiφ(x
′,y′)(x′, y′), so that the eigenfunctions are the same, but by 
a phase. Starting from the free particle Hamiltonian we write it in 
terms of an accelerated reference frame coordinates, and thus,
∂
∂x′
(x′, y′) = ∂
∂x
(x, y), (34a)
∂
∂ y′
(x′, y′) = ∂
∂ y
(x, y), (34b)
∂
′ (x
′, y′) =
(
∂ − dσ(t) ∂
)
(x, y). (34c)∂t ∂t dt ∂xHence, combining Eqs. (32) and (34), the right-hand side of 
Eq. (31) becomes:[
− h¯
2
2m
(
∂2
∂x2
+ ∂
2
∂ y2
)
− iη
2m
(
x
∂
∂ y
− y ∂
∂x
)
− iη
2m
σ(t)
∂
∂ y
+ η
2
8mh¯2
(
x2 + y2
) η2
8mh¯2
(
−2xσ(t) + σ 2(t)
)]
 ′(x, y)
= ih¯
(
∂
∂t
− dσ(t)
dt
∂
∂x
)
 ′(x, y). (35)
In order to check if Eq. (33) is consistent we must either com-
pute the phase φ or prove there is no wave function which holds 
for the mentioned relation. For this we consider the relation be-
tween  and  ′ and compute the action of the operators on the 
wave function  ′(x′, y′) = eiφ(x′,y′)(x′, y′). The obtained result is 
as follows:[
− h¯
2
2m
(
∂2
∂x2
+ ∂
2
∂ y2
)
− iη
2m
(
x
∂
∂ y
− y ∂
∂x
)
+ η
2
8mh¯2
(
x2 + y2
)]
 ′ +
[
− ih¯
2
2m
∂2φ
∂x2
+ h¯
2
2m
∂φ
∂x
2
− ih¯
2
2m
∂2φ
∂ y2
+ h¯
2
2m
∂φ
∂ y
2
+ η
2m
y
∂φ
∂x
− η
2m
x
∂φ
∂ y
+ η
2m
σ(t)
∂φ
∂ y
− η
2
4mh¯2
xσ(t) + η
2
4h¯2
σ 2(t)
+ h¯ ∂φ
∂t
+ h¯dσ
dt
∂σ
∂x
]
 ′ +
[
− ih¯
2
2m
∂φ
∂x
+ ih¯dσ
dt
]
∂ ′
∂x
+
[
− ih¯
2
m
∂φ
∂ y
− iη
2m
σ(t)
]
∂ ′
∂t
= ih¯ ∂
′
∂t
. (36)
Now, for the purpose of retrieving the noncommutative GQW 
we must compare both Schrödinger equations to set constraints on 
the form of the phase φ. Imposing that the term multiplying the 
derivative of  ′ vanishes, we get:
∂φ
∂x
= m
h¯
dσ
dt
, (37)
which implies, taking into account the fact that σ only depends on 
time, that:
φ = m
h¯
dσ
dt
x+ f (y, t). (38)
Considering that the last term on the left-hand side of Eq. (36)
must vanish, and Eq. (38), it follows that
h¯2
m
∂ f
∂ y
= − η
2m
σ(t) ⇒ f (y, t) = − η
2h¯2
σ(t)y + μ(t); (39)
replacing this result into the second term of Eq. (36) and compar-
ing with the Hamiltonian, Eq. (30), yields
m
d2σ
dt2
x+ ν(t) =mgx (40)
where ν(t) is the sum of all time dependent terms and can be 
made to vanish through a suitable choice of the function μ(t). 
There is only one non-vanishing remaining term and in order to 
Eq. (33) to hold we must impose that
d2σ
2
= g ⇒ σ(t) = σ0 + vt + 1 gt2 (41)
dt 2
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x′ = x+ σ0 + vt + 1
2
gt2 (42)
which corresponds to an accelerated reference frame. The WEP is 
then veriﬁed to hold for NCQM at least as long as we consider 
that the noncommutative parameters are isotropic. Hence, bounds 
on the WEP turn out to be limits on the isotropy of the NC param-
eters.
Finally, the phase difference between the wave functions  and 
′ is given by:
 = ei
(
m
h¯
dσ
dt x− η2h¯2 σ (t)y+μ(t)
)
 ′ (43)
and, as it has been analyzed in Ref. [24], this does not give rise to 
any physically meaningful effect.
3.3. Anisotropic noncommutativity
As we have seen in the last subsection, the WEP holds in 
NCQM, unless NC parameters are anisotropic, i.e. ηxy = ηxz . In 
what follows we use the bounds on the WEP to constrain the 
difference between components of the η matrix. The ensued dis-
cussion is similar to the one carried out in Ref. [21] in the context 
of the entropic gravity proposal [25]. The noncommutative Hamil-
tonian for the GQW is given by Eq. (19). In order to ﬁnd the 
eigenstates for this problem we use perturbation theory up to ﬁrst 
order in η, which is suﬃcient to obtain differences in the energy 
spectrum for different directions of the gravitational ﬁeld. For this 
purpose we deﬁne
HˆNC = HˆNC0 + Vˆ , (44)
where we consider Vˆ a perturbation to the exactly soluble Hamil-
tonian HˆNC0 , deﬁned by
HˆNC0 :=
pˆx
2m
+ pˆ y
2m
+mgxˆ, (45a)
Vˆ := η
2mh¯
(
yˆ pˆx − xˆpˆ y
)+ η2
8mh¯2
(
xˆ2 + yˆ2
)
. (45b)
Since we are only interested in the corrections of order η, we 
can disregard the second term in Vˆ . The soluble Hamiltonian is 
that of a free particle in the y direction and that of the GQW in 
the x direction. Solutions to these problems are well-known and 
are given by (e.g. Ref. [18])
nk(x, y) = AnAi
((
2m2g
h¯2
)1/3(
x− En
mg
))
χ(y), (46)
where Ai(z) is the Airy function, χ(y) is the solution for the free 
particle, and En and An are the energy eigenvalues in the x di-
rection and the normalization factor for the Airy function, given, 
respectively, by
En = −
(
mg2h¯2
2
)1/3
αn, (47)
An =
⎡
⎣( h¯2
2m2g
)1/3 +∞∫
αn
dzAi2(z)
⎤
⎦
−1/2
, (48)
where αn are the zeros of the Airy function. The energy eigenval-
ues in the y direction are given by
E y = h¯
2k2
, (49)
2mwhere k is the momentum of the particle. The change in energy is 
given by the expectation value of the operator Vˆ in a general state 
given by Eq. (46) and, the leading order perturbation to the energy 
of the system in any state, is given by
En = 〈nk|Vˆ |nk〉 = ηk2m
[(
2m2g
h¯2
)−2/3
I(n)1 +
En
mg
]
. (50)
It must be noted that we computed the energy eigenvalues for the 
case of a two-dimensional Hamiltonian in the xy plane, so we can 
write
Exynk = −
(
mg2h¯2
2
)1/3
αn + h¯
2k2
2m
+ ηxyk
2m
[(
2m2g
h¯2
)−2/3
I(n)1 +
En
mg
]
. (51)
Thus an anisotropy in the momentum space breaks the equivalence 
principle.
Consider now the NC GQW for a particle moving along the y
direction with a gravitational ﬁeld in the x direction and the same 
equation for a particle traveling along the x direction with a grav-
itational ﬁeld in the z direction. Assuming that the test particles 
have the same momentum in the direction in which they are free, 
hence:
mx(gx − gz) = k
2m
[(
2m2g
h¯2
)2/3
I(n)1 +
En
mg
](
ηxy − ηyz
)
, (52)
where x is the position of the test particle. Thus, using the bound 
on the WEP for two different directions (see e.g. Ref. [26]):
a
a
:= |a1 − a2|
a
 10−13, (53)
plus data from Ref. [20], namely that k = 1.03 × 108 m−1 and x =
12.2 μm for the eigenstate of lower energy and g = 9.80665 m/s2, 
Eq. (52) yields:
g
g
= 1.4× 1060η. (54)
Applying the bound from Eq. (53) to Eq. (54), the bound for η
is computed to be:
η 10−73 kg2 m2 s−2, (55)
which bounds the noncommutative momentum anisotropy in a 
quite stringent way. In natural units:√
η 10−10 eV. (56)
4. Lorentz invariance
Lorentz symmetry is a fundamental cornerstone of all known 
physical theories. Thus, it is natural to consider experimental 
bounds on this invariance to constrain noncommutativity which 
explicitly violates Lorentz symmetry. A major tool for these tests is 
the relativistic dispersion relation,
E2 = p2c2 +m2c4. (57)
This relation is tested with great accuracy at very high ener-
gies. Indeed, ultra-high energy cosmic rays allow for constraining 
this relationship for an extra quadratic term on the energy to the 
O. Bertolami, P. Leal / Physics Letters B 750 (2015) 6–11 111.7 × 10−25 level [27]. This estimate is conﬁrmed through direct 
measurements by the Auger Collaboration [28].
Thus, assuming a correction of the dispersion relation propor-
tional to E2 at the 1.7 × 10−25 level [27], then it is possible to 
constrain the η parameter, that is:
η (1.7× 10−25)E2, (58)
hence for ultra-high energy cosmic rays, with E ∼ 1020 eV, we 
can establish that 
√
η  4.1 × 107 eV, which is not at all a very 
stringent upper bound. A much more constraining bound can be 
set through low-energy tests of Lorentz symmetry. Indeed, assum-
ing limits arising from the nuclear Zeeman levels, one can es-
tablish that η  10−22E2, which for E ∼ MeV [29], implies that √
η  10−11 MeV  10−5 eV. This result is competitive with the 
most stringent bound on η, namely 
√
η  2 × 10−5 eV [17], ob-
tained from the hydrogen hyperﬁne transition, the most accurate 
experimental result ever obtained.
5. Discussion and conclusions
In this work we have addressed several issues on NCQM. Gauge 
invariance of the electromagnetic ﬁeld is veriﬁed to hold only if 
the parameter θ vanishes, which is consistent with previous work 
for fermionic ﬁelds [17]. This result implies that, for abelian gauge 
theories, spatial directions do commute and noncommutative ef-
fects are expected only for the momenta.
Also, we have compared the GQW Hamiltonian in the context 
of NCQM with the Hamiltonian for the same problem in QM. Using 
the Fock space formalism with creation and annihilation operators, 
we found no evidence for a connection between this two problems 
at ﬁrst order in the parameter η. This shows that NCQM poses a 
different problem from QM at least in the context of GQW. Fol-
lowing this result, we studied the WEP in the noncommutative 
scenario. It is concluded that this principle holds for NCQM in the 
sense that an accelerated frame of reference is locally equivalent to 
a gravitational ﬁeld, as long as noncommutativity is isotropic. If an 
anisotropy is introduced in the noncommutative parameters, using 
data from Refs. [20,26], we set a bound on the anisotropy of the 
η parameter, 
√
η  10−10 eV. It is then clear that the anisotropy 
of the noncommutative momentum parameter is many orders of 
magnitude smaller than the NC parameter itself. This result also 
states that the existence of a preferential observer to whom the 
spatial x, y and z directions are well deﬁned is limited to the same 
degree as the anisotropy factor.
Additionally, the breaking of Lorentz symmetry is examined in 
the context of NCQM. Assuming a violation of the relativistic dis-
persion relation proportional to E2, bounds from ultra-high energy cosmic rays (see Refs. [27,28]) imply that 
√
η ≤ 4.1 × 107 eV. Con-
sidering instead bounds arising from nuclear Zeeman levels, one 
can obtain that 
√
η ≤ 10−5 eV, which is competitive with bounds 
arising from the hydrogen hyperﬁne transition 
√
η ≤ 2 × 10−6 eV
[17], the most stringent bound ever obtained.
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